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Abstract. In this paper we define a new cohomology of a smooth manifold called 
Lichncrowicz type cohomology attached to a function. Firstly, we study some basic 
properties of this cohomology as dependence on the function, singular forms, relative 
cohomology, Mayer- Vietoris sequence, homotopy invariance and next a regular case is 
studied. Also, the case when the manifold is locally conformally Kahlcr is considered. 
The notions are introduced using techniques from the study of two cohomologies of 
a smooth manifold: the Lichnerowicz cohomology and the cohomology attached to 
a function. Finally, a twisted cohomology attached to a function which is related to 
these two cohomologies is defined and studied. 



1. Introduction 

Let us consider an n-dimensional smooth manifold M and 9 be a closed 1-form on 
M. Denote by f2 r (M) the set of all r-differential forms on M and consider the operator 
de : £l r (M) — > il r+1 (M) defined by dg = d — 9A, where d is the usual exterior derivative. 

Since d9 = 0, we easily obtain that dg — 0. The differential complex 

(1.1) — ■+ fi°(M) A O x (Af) A . . . A Q n (M) — > 

is called the Lichnerowicz complex of M; its cohomology groups H'(M) are called the 
Lichnerowicz cohomology groups of M. 

This is the classical Lichnerowicz cohomology, also known in literature as Morse- 
Novikov cohomology, motivated by Lichnerowicz 's work [7] or Lichnerowicz- Jacobi co- 
homology on Jacobi and locally conformal symplectic geometry manifolds, see [TJEj. We 
also notice that Vaisman in [15] studied it under the name of " adapted cohomology" on 
locally conformally Kahler manifolds. 

We notice that, locally, the Lichnerowicz cohomology complex becames the de Rham 
complex after a change <p h4 e* (f with / a smooth function which satisfies df = 9, namely 
de is the unique differential in f2*(M) which makes the multiplication by the smooth 
function e? an isomorphism of cochain complexes e? : (Q'(M),dg) — > (fi"(M),d). For 
more about this cohomology see for instance [U El El [TTJ [15] . 

On the other hand, in 9 , Monnier gave the definition and basic properties of a new 
cohomology attached to a function. The definition is the following: 
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If / is a smooth function on a smooth manifold M, then we can define the linear 
operator d f : Q r (M) -> O r+1 (M) by 

dfip = fdip-rdf Ap,Vip e fl r (M). 

It is easy to see that dj — 0, and, so we have a differential complex 

(1.2) — ■+ fi°(Af) -% fil 1 (M) n n (M) — > 

which is called i/ie differential complex attached to the function f of M; its cohomology 
groups HJ(M) are called t/ie cohomology groups attached to the function f of M. This 
cohomology was considered for the first time in [8] in the context of Poisson geometry, 
and more generally, Nambu-Poisson geometry. 

We also notice that df is an antiderivation, namely 

(1.3) d f (<p A ip) = dfip A ip + (-l) dsg *V A dfip, Vcp, ip £ ft'(M), 
while dg is not an antiderivation, and it satisfies 

(1.4) d e (ip A V) = dip A ip + (-l) dcsv <p A d e tp, V^^e fi"(Af). 

The main goal of this paper is to make a connection between these two cohomologies, 
giving a positive answer to the question posed by Monnier in [§]: We can apply the 
techniques used on the Witten complex (Lichnerowicz complex) to differential complex 
attached to a function and conversely? 

A first link is given in the following proposition. If / is a positive real valued smooth 
function on M then we have 

Proposition 1.1. Let ip be an r-form defined on some neighborhood U of M such that 
dfip = 0. Then there exists an (r — l)-form ip defined on a neighborhood U C U such 
that tp A df = dtp A df, namely ip is d-exact (modulo df ). 

Proof. Let <p as in hypothesis. From dfip = because / ^ we easily obtain 

(1.5) d eV = 0, 9 = d(\ogf). 

But the operator dg satisfies a Poincare Lemma, see the proof of Proposition 3.1. from 
[15j . and thus there exists an (r — l)-form defined on U C U such that 

P = dgtp 

= diP-d(logf r )AiP 

df , 
= dip — r— A ip 

= #-(r-l)y hip --y hip 

= j (fdip — (r — l)df Aip) — ^j- Aip 

= j {dfip — df Aip) . 

Now by above discussion we obtain ftp Adf = dfip Adf — fdip A df and because / ^ we 
finally get p Adf — dip A df. □ 
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Another links between these two cohomologies are detailed in the next sections of the 
paper which is organized as follows: 

In the second section we define a new cohomology so called Lichnerowicz type coho- 
mology attached to a junction of a smooth manifold. The notions are introduced by 
combining results from Lichnerowicz cohomology and from cohomology attached to a 
function. Firstly, we prove that this cohomology is isomorphic to Lichnerowicz cohomol- 
ogy of singular forms (Proposition 2.2), we discuss how the cohomology varies when the 
function / changes (Proposition 2.3) and how it depends on the class of 9 (Proposition 
2.4). In particular, we show that if the function / does not vanish, then the Lichnerow- 
icz type cohomology attached to a function is isomorphic to Lichnerowicz cohomology 
(Corollary 2.2). Next we study a relative cohomology associated to our cohomology and 
we will show that it is possible to write a Mayer- Vietoris exact sequence (Theorem 2.1). 
We also give an appropriate notion of homotopy, but it is an open question whether the 
cohomology is homotopy invariant in general. 

In the third section we consider the regular case, i.e., the case where the function / 
does not have singularities in a neighborhood of S = / _1 ({0}). In a similar manner with 
the study from [9] concerning to cohomology attached to a function, we can relate our 
cohomology with the Lichnerowicz cohomology of M and of S (Theorem 3.1). Also in 
this regular case, we prove a homotopy invariance (Proposition 3.1). 

In the four section we study some aspects concerning to Lichnerowicz type cohomol- 
ogy attached to a function of locally conformally Kahler, briefly l.c.K., manifolds and 
we introduce three cohomological invariants of these manifolds. Also we consider an- 
other cohomology attached to a function of l.c.K. manifolds related to our cohomology 
(Corollaries 4.1, 4.2). 

In the last section, following an argument inspired from |15] , we define a twisted coho- 
mology attached to a function, which is connected to these two cohomologies. 

2. Lichnerowicz type cohomology attached to a function 

In this section we define a Lichnerowicz type cohomology attached to a function and we 
study several properties of this new cohomology in relation with some classical properties 
of Lichnerowicz cohomology and of cohomology attached to a function. 

For this purpose we consider again 8 € 1 (M) be a closed 1-form on M. If / is a 
smooth function on M, let us remark that dj{f&) = 0. Then if we replace d by df and 6 
by f9 in the definition of Lichnerowicz operator dg, then we obtain the following operator: 

(2.1) d f ,e<p = dftp - f6 A ip , tp e Q r (M). 

Taking into account that df(f9) = 0, then an easy calculation using (|1.3[> leads to dj s = 0. 
Thus, we obtain the differential complex 

(2.2) o — > n°(M) n^M) d -^... c H n n {M) — > o 

which is called the Lichnerowicz type complex attached to the function f of M; its coho- 
mology groups HJ s (M) are called the Lichnerowicz type cohomology groups attached to 
the function f of M. 

Remark 2.1. The operator df t g may be defined in the form 

df,e<P = fdgif -rdf A(p, ip G fT (M). 
Using the definition of df g by direct calculus we obtain 
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Proposition 2.1. If f,g G C°°{M) then 

(i) df +g fi — df t e + d g ,e, d/,o = d/, do,e = 0, <2-/,e = — 

(ii) rf/ g ,e = /t2 g , e + gdf,g - fgdg, d\,e = dg, dg = e + jdf t g); 

(iii) d/, ((y5 A V) = d/<p Aip + (-l) dog¥ V A d/,^- 
Also, if 0i and 82 are two closed 1-forms on M then 

d fl g 1+ g 2 ((p Aip) = d ft01 <p Aip + (-l) dog¥ V A d fl e 2 ip, 
which says that the wedge product induces the map 

A : H% ei (M) x Hf fi2 {M) -> Hf+^M). 
Corollary 2.1. TTie wedge product induces the following homomorphism 

A : H r f {M) x H}_ e (M) -y Hf{M). 
In the following we prove some basic properties of this new cohomology. 

2.1. Singular r-forms. According to [5] a form ip G f2 r (Af \ 5) is called a singular r- 
form if the form / r t/? can be extended to a smooth r-form on M. We denote the space of 
singular r-forms by J7^(M). 

If if G QTAM) is a singular r-form then dip is a singular (r + l)-form, and so dgtp = 
dip — 9 A (p is a singular r + 1-form. In fact we have 

f r+1 dgip = d e (f r+1 v) - (r + l)df A />, 

so f r+1 dgip also extend to a smooth form on M. Therfore we obtain a chain complex 
(£l'(M),d$) called the Lichnerowicz complex of singular forms. Similar to Proposition 
2.4 from [9] we have 

Proposition 2.2. The cohomology of(ft'(M),dg) is isomorphic to H' g (M). 
Proof. Define a map of chain complexes x '■ (^'(M), dg) —> (0*(M), df$) by setting 

X r :n}(M)->fi r (M), X » = /V 
By direct calculus we obtain 

(2.3) d f ,g(f r ip) = f r+1 de V 

and so \ induces an isomorphism in cohomology. □ 

2.2. Dependence on the function /. As in the case of the cohomology H'(M), a 
natural question to ask about the cohomology H * g (M) is how it depends on the function 
/. Similar with the Proposition 3.2. from [5], we explain this fact for our cohomology. 
We have 

Proposition 2.3. If h G C°°(M) does not vanish, then cohomologies HJ g (M) and 
Hj h g(M) are isomorphic. 

Proof. For each r G N, consider the linear isomorphism 

(2.4) $ r : n r (M) -> n r (M) , $ r (^) = 
If ip G fl r (AI), one checks easily that 

(2-5) $ r+1 (d fh ^) =d f! g{$ r (<p)). 
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Indeed, we have 

$ r+1 (d /M¥ >) = $ r+1 (d fW - fh9A^) 

= ® r+l {d fhV )-& +1 {fheA V ) 

= d /l9 (*»), 

where we have used the relation <f> r+1 (dfhtp) — df($ r ((p)) from [5]. 

Thus $ induces an isomorphism between cohomologies H* S {M) and H' h g(M). □ 

Corollary 2.2. // the function f does not vanish, then H* e (M) is isomorphic to the 
Lichnerowicz cohomology H*(M). 

Proof. We take h = 4 in the above proposition. □ 
We also have 

Corollary 2.3. // / and g are smooth functions on M such that S = / _1 (0) = g _1 (0) 
and f — g on some neighborhood of S, then H* g (M) = H'g(M). 

2.3. Dependence on the class of 9. Another natural question to ask about the coho- 
mology H° g (M) is if it depends on the class of 9 as in the case of Lichnerowicz cohomology 
H*{M). We have 

Proposition 2.4. The Lichnerowicz type cohomology attached to a function f depends 
only on the class of 9. In fact, we have the isomorphism 

Proof. By direct calculus we easily obtain dffiie^ip) — e a df t e-da i P- I where a is a smooth 
function and thus the map [<p\ n> [e°V] establishe an isomorphism between cohomologies 

Hh-*> ( M ) and H 'A M )- D 

2.4. Relative cohomology. The relative de Rham cohomology was first defined in [5] p. 
78. Also, a relative vertical cohomology of real foliated manifolds can be found in [TJ]. In 
[5] is given a relative cohomology for H*{M) and in [2] is studied a relative cohomology for 
Hg(M). In this subsection we construct a similar version for our combined cohomology 
H} i9 (M). 

Let fi : M —± M be a morphism between two smooth manifolds. Taking into acount 
the standard relation d/i* — /i*d , (here d denotes the exterior derivative onM), we 
obtain 

(2.6) V/^^JertM'). 

Indeed, for ip £ Q r (M ), we have 

^•/(mV) = n*fd(fi*ip)-rd(fi*f)Afi*ip 
= n*fn*{dtp)-rn*{df)hn*ip 
= ti*(fd'<p)-(j,*(rd'fA<p) 
= V*{df<p)- 

The relation (|2.6p says that we have the homomorphism 
M* : H}(M') -+ H;, f (M) , n*[ip] = 
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Now, taking into account (|2.6j) we obtain 

(2-7) d^f^efi* = n*d' fe 

for any smooth function / £ C°°(M ) and for any closed 1-form 9 £ f2 1 (M ). Indeed, for 
<p £ Sl r (M'), we have 

d^f^eii^f) = d tl »f(fi*<p) — [i* ] [i*Q A n*ip 
= n*d' f <p-n*(f0 A<p) 
= f i *(d'f,e<p)- 

The relation (|2.7[) says that we have the homomorphism 

(2.8) // : H} te {M) -> H;, f ^ g (M) , p>] = [,x>]. 

If /it is a diffeomorphism then H* e (M ) = i?*, . „« e (M). 
We define the differential complex 

where 

n r (A0 = n r (M') © fi r_1 (M), and d/.jfa, V) = M*V - <V 

Taking into account dj B = * e = and (|2.7[) we easily verify that d^ e = 0. 

Denote the cohomology groups of this complex by H' 

If we regraduate the complex fl r (M) as il r (M) — Q r_1 (M), then we obtain an exact 
sequence of differential complexes 

(2.9) — ► (n r (M),d^ f ^ e ) ^ (O r (/x),d7, e ) A (^(M'),4 e ) — > 

with the obvious mappings a and /3 given by a("0) — (0, "0) and (3(ip, ip) — tp, respectively. 
From ()2.9p we have an exact sequence in cohomologies 

• • • — > Hr AM M ) ^ H h^) ^ H U M ') ^ H >f,M M ) 

It is easily seen that J* = fJ,*. Here /x* denotes the corresponding map between cohomology 
groups. Let 93 £ Q r (M ) be a d^ ^-closed form, and (<£>, tp) £ fi r (^). Then df t ${ip,ij)) = 
(0, (U*</? — d^,* /, J L6»eV ? ) and by the definition of the operator 5* we have 

Hence we finally get a long exact sequence 

(2.10) . . . -> H^, e {M) ^ H}^) A fl£ fl (M') ^> H^ Lll , e {M) 
We have 

Proposition 2.5. J/ i/ie manifolds M and M are of the n-th and n -th dimension, 
respectively, then 

(i) /3* : H"^ 1 ^) — s> iJ^y(M') is an epimorphism, 



(ii) a* 

(iii) 0* 

(iv) a* 



Hp* j n* e{M) —> g (/i) is an epimorphism, 

Hf 9 (A*) ~~ ^ flC^ ) * s an isomorphism for r > n + 1, 

UJ^* j ^ t g(M) — > Hf~g((i) is an isomorphism for r > n 
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(v) iJJ g (fi) = for r > maxjii + 1, n } . 

2.5. A Mayer- Vietoris sequence. Since the differentials df t g commutes with the re- 
strictions to open subsets, one can construct, in the same way as for the de Rham coho- 
mology, see [21 13] , a Mayer- Vietoris exact sequence, namely: 

Suppose M is the union of two open subsets U, V . Then the following is a short exact 
sequence of cochain complexes 

-> (fi'(M), d f ,e) A (ST(U) © QT(y), d f \ uMu © d fWMv ) 4 

A(Q'(unv),d flunv<eunv )^o 

where a(tp) = (ip\u,ip\v) an d /3(<£>, VO = f\unv — ip\unv- So we obtain the following 
Mayer- Vietoris sequence: 

Theorem 2.1. IfU = {U,V} is an open cover of M, we have the long exact sequence 
(2-H) ... -> H} !e (M) % H r fluA JU) © H} WAv {V) h 

^H} lunvMunv (UnV)AH r +\M)^... 

where «*([(/?]) = ([<pu], [fv]) , /MMJV'D = [<p\unv - ip\unv], S([a]) = [d f X\v A a] = 
— [df\\u A a]. Here {Ay, Xv} is a partition of unity subordinate to {U, V} and the forms 
under consideration are assumed to be extended by to the whole M . 

2.6. Homotopy invariance. 

Definition 2.1. ([9 ). Let M and M two smooth manifolds and / e C°°(M) and 
/ € C°°(M ). A morphism from the pair (M, /) to the pair (M , / ) is a pair ((/>, a) 
formed by a morphism <j> : M — > M and a real valued function a : M — > E, such that a 
does not vanish on M and 0*/ = / o <j> — af . 

We will say that the pairs (M, /) and (M , / ) are equivalent if there exists a morphism 
$ = (<j), a) between these two pairs where <f> is a diffeomorphism. This notion of equiv- 
alence between the pairs is sometimes called "contact equivalence" in singularity theory. 
In [5] is proved that a morphism <I> = (4>, a) from the pair [M, f) to the pair (M . f ) 
induces a chain map : Ct*(M , df) -» fi*(M, d/) defined by 

d>*:^(Af')^^(M),$*M = ^, 

and this map induces an homomorphism in cohomology $* : H', (M ) — > H'{M). If $ is 

diffeomorphism then H^,(M ) and Hj(M) are isomorphic. 

Now, taking into account that for any ip £ Q r (M ) we have $*(df><p) — df($*(cp)) by 
direct calculus we obtain 

(2.12) &(d f , je <p) = df,#. 9 (&{<p)) 

for any closed 1-form on M and </? S f2 r (M ). 

Thus induces an homomorphism in Lichnerowicz type cohomology attached to a 
function $* : H', {M' ) ->• H* re {M). If $ is diffeomorphism then flj, e (M') and 
Hf i p, e (M) are isomorphic. 

Remark 2.2. For a = 1 then we obtain the homomorphism from (|2.8JI . 
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Definition 2.2. (|9J. A homotopy from the pair (M, /) to the pair (M , / ) is given by 
two smooth maps 

h: M x [0, 1] ->■ M' , a : M x [0, 1] -> R, 
such that for each £ S [0, 1], we have a morphism 

H t = (h t ,a t );(M,f)^(M'j') 

(i.e., a does not vanish, / o h(x,t) — a(x, £)/(#)), where ht = £&(•,£), a t — &(-,£)• 

Now, if H = (h,a) is a homotopy from (M, /) to (M ,/ ), from above discussion we 
obtain a map at cohomology level 

H* t :H' f0 {M')^Hl hte {M). 

For the Lichnerowicz cohomology H* (M) the problem of homotopy invariance is solved 
by Lemma 1.1 from [3]. For the cohomology attached to a function H'(M) the problem 
of homotopy invariance is the following: given a homotopy H, from (M, /) to (M ,/ ), 
is it true that Hq = H^ at the cohomology level? This problem is partial solved in [5] 
namely: If the complements of the zero level sets of / and / are dense sets, then in degree 
zero we do have H$ = HI : Hj(M) — > H°,{M ). For higher degree, a partial result in 
the regular case is also given in [9]. For our Lichnerowicz type cohomology attached to 
a function H* g this problem is still open, but in the next section we prove a homotopy 
invariance in the regular case. 

2.7. Examples. 

Example 2.1. Consider M — M 2 — {(—1,0), (1,0)} and let and r\ be a generator of 
H^ R (M) supported in (— oo,0) x R and U := (0, oo) x R, respectively. Then taking into 
account that dgrj = and the fact that rj\u cannot be (ig^-exact, see [3], we easily obtain 
that df^g{frf) = and f\uv\u cannot be df^g^-exaet, for a smooth function on M. 
Using Mayer- Vietoris sequence for the cohomology Hj e from (|2.1ip one can show that 
fr] generates Hj g [M) 

Example 2.2. Suppose we have two manifolds Mi, M2 and two closed 1-forms 0\ and 
62, on Mi and M 2 , respectively. Let 9 :— Wi^i + pr^2 € Q 1 (Mi x M 2 ) which is also 
closed. Then one defines a mapping 

* : fi fe (Mi) x Q l (M 2 ) -> f7 fc+ '(Afi x M 2 ) , *(^^) = pr^ A pr^. 

Then if we consider two smooth functions /1 and / 2 on Mi and M 2 , respectively such 
that / := pr^/i = pr 2 / 2 then by direct calculus we obtain that 

d/, e (*(^)) = *{dhWl>) + (-l) dcsv *(<P,d h ,e 2 4>) 
and hence we have an induced mapping 

H; 1:9i (Mi) ® H' h e2 (M 2 ) -> ^^(Mi x M 2 ). 
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3. The regular case 

In this section we study the regular case i.e., the case where the function / does 
not have singularities in a neighborhood of its zero set (i.e. is a regular value). The 
subset S — / _1 ({0}) is then an embedded submanifold of M. We also assume that S is 
connected. In this case, the cohomology attached to a function H'(M) is related with the 
de Rham cohomologies H' R (M) and H'] i 1 (S), see [9]. Similarly we can relate in this case 
the Lichnerowicz type cohomology attached to a function H* g(M) with the Lichnerowicz 
cohomologies H'(M) and H'r^iS), where i : S — > M is the natural inclusion. Also in 
this regular case, we prove a homotopy invariance. 

Theorem 3.1. If is a regular value of f then, for each r > 1, there is an isomorphism 

(3.1) H r f g = Hg(M) © _ff[»^ 1 (5), 
for any closed 1-form 9 on M . 

Proof. The proof it follows in a similar manner with the proof of Theorem 4.1 from [9] 
and we need to briefly recall some preliminary results. 

Let U C U be tubular neighborhoods of S. We may assume that U = Sx] — e, e[ and 
U = Sx] — e , e [, with e > e, and that 

f\ v > : Sx] - £,e'[-+ R, (x,t) i-» t. 

Let us consider the projection it : U — > S and p : M — >• M be a smooth function which is 
1 on [—£,£] and has support contained in [— e ,e ]. Note that the function p o / is 1 on 
J7, and we can assume that the function p o f vanishes on M \ U . 

If tp is a form on S 1 , we will denote by tp the form p(f)n*ip. Notice that from 

# = p(/)7r*(#)+p(/)#A7r*V 

it easily follows that 

(3.2) d/A#=d/A#. 
Now we notice that for the closed 1-form on M we have 

(3.3) 8\ v > A^p = (i ott)*0 Ai> = p{f)n*{i*6) A-K*tp = p{f)<K*{i*9 A*ip) = i*9 A -ip, 

for any form ?/> on 5*. 

In the sequel we denote by £ the linear application 

(3.4) C : W(M) © W-^S) fT (M) , C(y>, V) = /> + / r_1 d/ A 

If (<p,ip) G Q r (M)®Q r - 1 (S), with dgip = and d 4 « e ?/> = 0, then using and flO)| . we 
find 

d f , (CM)) = f r+1 de(p — f r df A (dip — 9\jj' A ip) 
= f r+1 dev- f r df Ad^ = 0. 
Similarly, one checks that if ip G fF _1 (M) and ip G Q r ~ 2 (S), then 

Cfaip, M) = d f ,e(f r ^V - f~ 2 df A # 
We conclude that £ induces a map at the level of cohomology 

(3.5) C* ■.H;(M)®H'- e 1 (S)^Hl e (M),C([<pW}) = [CM)l 

Finally, according to [5], £ is bijective for all r > 1 and so the theorem follows. □ 
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Example 3.1. Let S 1 = {(x 1 ,x 2 ) G K 2 | x\ +x\ = 1} be the 1-sphere and / : S 1 -> K the 
function /(xi,^) = ^lj so that 5 = / _1 ({0}) is the equator. Then taking into account 
that HglS 1 ) = 0, for any closed, non-exact 1-form 9 on S 1 , see Example 1.6 from [3J, we 
obtain H^S 1 ) = 0. 

In the regular case we have the following homotopy invariance: 

Proposition 3.1. Let U and W be tubular neighborhoods of Sf = / _1 (0) and S g = 
g (0), respectively. We assume that f and g do not have singularities on U and W. If 
H t is a homotopy from (U, /) to (W,g), then the induced linear applications between the 
cohomology spaces are the same: = Hq . 

Proof. We can assume that U — Sf x] — e, e[ and W — S g x] — e, e[, with 

f(x,p) = p, g{y,r) = t. 

We denote by \&/ and the linear maps: 
*/ = H km w ){U)®Hl^ 0W) {U) -+ Hl K{eW) [U), ¥/([*>], M) = [pW + P^dpA^ 

which by the previous theorem, are isomorphisms. 

Now, we set K* t = ^foH^o^, for every t G [0, 1]. If ([tp], [</>]) G (WO®^," 1 ^), 
then by a similar calculus as in the proof of Proposition 4.12 from [9] we have 

= [p r h* t tp + p r d(log\a t \) AhW + p^dpAhW] . 

Now taking into account d^* ^g\ w ^h^ip = h% (dg\ w ip) = 0, we conclude that 

Kt(M,bl>]) = ([/i t V + 4?(eiw)(iogkl^^)]>K^) 
= (\h*M, [hii>]) . 

Since the Lichnerowicz cohomology is homotopy invariant, see Lemma 1.1 from [3J, we 
have Kl = and it follows that HI = H$. □ 

4. Lichnerowicz type cohomology attached to a function of locally 
conformally kahler manifolds 

The applications of Lichnerowicz cohomology to locally conformally Kahler or locally 
conformally symplectic manifolds, are well known in literature see for instance (HUH 5, 6, 
[TTl ITS] . In this section we study some aspects of Lichnerowicz cohomology attached to a 
function for locally conformally Kahler manifolds. 

Definition 4.1. (|14j). A locally conformally Kahler, briefly l.c.K., manifold is an Her- 
mitian manifold (M,g) for which an open covering {Ui} exists, and for each i a smooth 
function <7j : Ui — >• K such that g = e~ CTi (g\ui) is a Kahler metric on Ui, called a locally 
conformally Kahler metric. 

Accordingly, [14j [15] , the manifold M has a Kahler metric which is locally conformally 
with a Hermitian metric. It is easy to see that 8\jji = doi defines a global closed 1-form, 
and that (M, ui) has the characteristic property 



(4.1) 



dui = 9 Aui, 
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where ui is the Hermitian form of (M, g). If we take Ui = M, then [M, ui) is called globally 
conformally Kahler manifold. The form 9 is called the Lee form of (M, u>). It is exact iff 
(M, ui) is globally conformal Kahler manifold. 

Now, if (M, ui) is an l.c.K. manifold with 9 its Lee form, then due to (|4.1j) we have dgui = 
0. Therefore, ui represents a cohomology class in the Lichnerowicz complex (fl'(M),dg). 

Definition 4.2. The cohomology class [ui] £ Hg(M) of ui is called the Lichnerowicz class 
of the l.c.K. manifold (M,ui). 

This invariant is called in [TT] the Morse-Novikov class of l.c.K. manifolds. 
Now if we consider a nonvanishing smooth function / on the l.c.K. manifold (M, u>,9) 
then by (I2.3[) we have 

(4.2) d L g(f 2 tu) = fdgcu = 

which say that f 2 u> defines a cohomology class in the Lichnerowicz type complex attached 
to the function (Q,*(M),df ! $). 

Definition 4.3. The cohomology class [f 2 ui] £ H 2 g(M) of f 2 u> is called the Lichnerowicz 
class attached to the function / of the l.c.K. manifold (M,ui). 

For an n-dimensional complex manifold M, consider VL p ' q (M) the set of all (p, g)-forms 
on M and the decomposition of the exterior derivative d = d + d. Then we have the 
decomposition df — df + df, where 

(4.3) d f : Vt p ' q (M) -> S} p+1 > q (M) , d f (p = fdcp - (p + q)df A ip, 

(4.4) d f : n™(M) -> n p > q+1 (M) , d f (f = fdtp - (p + qjdf A ip. 

Also taking into account the decomposition 9 = 9 1 >°+9 ' 1 , consider the Hodge components 
of the Lichnerowicz differential dg = d — 9 A as 

(4.5) dg = dg + d e , dg = d - O^A ,dg=d- 9 ' 1 A . 

The Bott-Chern cohomology of the differential complex attached to a function and of 
Lichnerowicz complex of an n-dimensional complex manifold M are defined in a usual 
way. 

Now, for a complex manifold M, similar Lichnerowicz type cohomology attached to a 
function / of Bott-Chern type can be defined. We have a decomposition of dffi into 

(4.6) df, g = d f ,e + df.g , d f>g = d f - f9 lfl A , d f , e = d } - A . 
Now, from d 2 e = we obtain 

(4-7) d 2 L g = dig = df,od f , g + df fi df.g = 0. 

The differential complex 

(4.8) n*- 1 *- 1 ^) df ^ e n™(M) 9f -^- 6 n p+1 ' q {M) © n p < g+1 (M) —»-... 

is called the Bott-Chern- Lichnerowicz complex attached to the function f of M and the 
cooresponding Bott-Chcrn-Lichnerowicz cohomology groups attached to the function / 
of bidegree (p, q) are given by 



,,,, . i f ( _ Ker{nP'«(M) -^4 n p+1 '«(M)} n Ker{Q p '«(M) -^4 Qf'« +1 (M)} 
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Thus, for any l.c.K. manifold (M,u>,9) we have three cohomological invariants attached 
to the function /: 

• the Lee class attached to the function /, [f9] G Hj(M); 

• the Lichnerowicz class attached to the function /, [f 2 cj] G H 2 g (M); 

• the Bott-Chern-Lichnerowicz class attached to the function /, [f 2 tu] G Hf' g BC (M). 

We notice that an important problem to solve is to study some obstructions corresponding 
to these invariants. 

Now, using an argument inspired from [5,6, we briefly present another cohomology 
associated to an l.c.K. manifold which is connected with the Lichnerowicz type cohomol- 
ogy attached to a function of l.c.K. manifolds. Let (M, uj, 9) be an l.c.K. manifold with 9 
its Lee form. We consider the closed 1-forms 9q and 9\ defined by 

(4.9) 9 Q = m9 and 9 X = (m + 1)9, m G K. 

Denote by H* 8g (M) and H* 9i (M) the Lichnerowicz type cohomologies attached to a 
function / of the complexes (tt*(M), dfj ) and (fi*(M), d/.ej, respectively. 

Let QT(M) = n r (M) © , - 1 (M) and d f : Q r (M) f2 r+1 (M) be the differential 
operator defined by 

(4.10) dffat/)) = (df, 8l ip- f 2 u AV,-rf/,9 ^)- 

Using (|4.1|) and df{f 2 uj) = f 3 dui, by direct calculus it follows d?j = 0. Thus, we can 
consider the complex (fi*(M),d/) and the associated cohomology H*{M). We have the 
following result which relates H'(M) with Lichnerowicz type cohomologies attached to a 
function H* Bq {M) and H' Bi {M). 

Proposition 4.1. Let (M,lu) be an l.c.K. manifold with 9 its Lee form. Suppose that 
i r : fl r (M) h r (M) and n r 2 : Q r (M) -> n r ~ l (M) are homomorphisms ofC°°(M,R)- 
modules defined by 

i r (ip) = ((p,0) and wKip,^) = rp, 
for cp G n r {M) and ip G n r_1 (M"). Then: 

i) The mappings i r and 7r£ induce an exact sequence of complexes 

— > (Q'(M),d m ) A (fi*(M), df) A (fi* _1 (M), ~df£ a ) > 0. 

ii) This exact sequence induces a long exact cohomology sequence 

where the connector homomorphism — 5 r ~ 1 is defined by 

(4.11) ("Ob] = [V>A/M VM G ^(M). 

From the above proposition, we obtain 

Corollary 4.1. Lei (Af, uS) be an l.c.K. manifold with 9 its Lee form and such that the 
Lichnerowicz type cohomology groups attached to a function H r j 6q (M) and Si (M) have 

finite dimension, for all r. Then, the cohomology group HJ(M) has also finite dimension, 
for all r, and 

(4.12) H r f (M) - © ker<r-\ 



LICHNEROWICZ TYPE COHOMOLOGY ATTACHED TO A FUNCTION 



13 



where S r : Hjg o (M) — > Hjg i (M) is the homomorphism given by 

Corollary 4.2. Let (M, uj) be an l.c.K. manifold with 9 its Lee form such that the dimen- 
sions of the cohomology groups Hj So (M) and H r j 6i (M) are finite, for all r. Suppose that 
f co is djfi-exact, that is, there exists a 1-form lu on M satisfying f 2 uj — dfiu — f9 Auj . 
Then, for all r, we have 

(4.13) H}(M) - H} fil (M) © H$; e l(M). 

5. A TWISTED COHOMOLOGY ATTACHED TO A FUNCTION 

In this section we consider another operator which is related in terms of operators dg 
and df. Using this new operator we obtain a twisted cohomology attached to a function. 

Let us consider again a closed 1-form 9 on M and a smooth function / on M . If we 
replace d by dg in the definition of exterior derivative attached to a function d / , we obtain 
the operator 

(5.1) dgj : QT{M) -> fl r+1 (M) , dgjip = fdgip - rdgf A tp. 

Remark 5.1. The operators df^g and dgj are related by dgjip = df t g(p + rf9 Aip for any 

ip e n r {M). 

Using this definition, by direct calculus we obtain 
Proposition 5.1. The operator dgj has the following properties: 

i) do J = df> dgfl — 0, dgj +g — dgj' + dg^ g ; 

dgj =dg + r6A, dgjg = fdg i9 + gdgj - fgdgj ,dgj = \ {jd B i + jdgj 
dgj(ip A ip) = dgjip Aip + (-l) de s*V A dgjijj + f9 A (p A ip; 
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iii) 



iv) d 2 e =f9Ad f . 



Since dg * ^ 0, we notice that dgj defines a twisted cohomology, |16j . of differential 
forms on M , which is given by 

(5-2) H; wef (M) = 

V ' tw - ejy ' ImdejnKeidgj 

and called twisted cohomology attached to the function f of M. It is isomorphic to the 
cohomology of the cochain complex (ft* AM), dg j) consisting of the differential forms 
ip e £l*(M) satisfying dg f ip = f9 A dfip = 0. 

The complex il' f(M) admits a subcomplex Q,' f(M), namely, the ideal generated by 
f9. On this subcomplex, dgj = df, which means that it is a subcomplex of the complex 
attached to the function / of M. Hence, one has the homomorphisms 

(5.3) a : H r (Q' e j(M)) -> H^ 8J (M) , b : H r (fr ej (M)) -> Hj(M). 
Now, we can easily construct a homomorphism 

(5.4) c:Hl wfiJ {M)^H r +\M). 

Indeed, if [<p\ <E Hl w gj(M), where ip is dsj-closed form, then we put c([ip\) = [f9 A cp], 
and this produces the homomorphism from (|5.4p . We notice that the existence of c gives 
some relation between dgj and the cohomology attached to a function of M . 
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